A s i m p l i f i e d s t o c h a s t i c model i s proposed f o r c r a c k i n i t i a t i o n and s h o r t -c r a c k growth under creep and c r e e p -f a t i g u e c o n d i t i o n s . M a t e r i a l inhomog e n e i t y p r o v i d e s t h e random n a t u r e o f c r a c k i n i t i a t i o n and e a r l y g r o w t h . I n t h e model, t h e i n f l u e n c e o f m i c r o s t r u c t u r e i s i n t r o d u c e d by t h e v a r i a b i l i t y o f ( 1 ) damage a c c u m u l a t i o n a l o n g g r a i n boundaries, (2) c r i t i c a l damage r e q u i r e d co f o r c r a c k i n i t i a t i o n or growth, and ( 3 ) t h e grain-boundary l e n g t h . The probam b i l i t i e s o f c r a c k i n i t i a t i o n and growth a r e d e r i v e d by u s i n g c o n v o l u t i o n i n t e -I g r a l s . The model i s c a l i b r a t e d and used t o p r e d i c t t h e c r a c k d e n s i t y and c r a c k -g r o w t h r a t e o f s h o r t c r a c k s o f 304 s t a i n l e s s s t e e l under c r e e p and creepf a t i g u e c o n d i t i o n s . The mean-crack i n i t i a t i o n l i v e s a r e p r e d i c t e d t o be w i t h i n an average d e v i a t i o n o f about 10 p e r c e n t from t h e e x p e r i m e n t a l r e s u l t s . The p r e d i c t e d c u m u l a t i v e d i s t r i b u t i o n s o f crack-growth r a t e follow t h e e x p e r i m e n t a l d a t a closely. cussed and t h e f u t u r e r e s e a r c h d i r e c t i o n i s o u t l i n e d .
INTRODUCTION L i f e p r e d i c t i o n i s an i m p o r t a n t parameter i n e v a l u a t i n g t h e s a f e t y and r e l i a b i l i t y of s t r u c t u r a l components f o r h i g h -t e m p e r a t u r e a p p l i c a t i o n s such as r o c k e t engines, gas t u r b i n e s , and n u c l e a r p o w e r p l a n t s . Crack i n i t i a t i o n and e a r l y g r o w t h c o n s t i t u t e most o f t h e l i f e o f components, e s p e c i a l l y under c r e e p and c r e e p -f a t i g u e c o n d i t i o n s . Experimental o b s e r v a t i o n s ( O h t a n i e t a l . , 1983, 1986, 1987) I r a t e s o f s h o r t c r a c k s . These f l u c t u a t i o n s a r e caused by t h ? randomness i n t h e g r a i n s i z e , t h e l o c a l s t r e s s , and t h e r e s i s t a n c e t o l o c a l f i i l u r e . Few a n a l ys e s have been conducted of t h e s t o c h a s t i c n a t u r e o f t h e grorJth o f m i c r o s t r u ct u r a l l y s h o r t c r a c k s . However, a c o n s i d e r a b l y l a r g e r number o f i n v e s t i g a t i o n s ( K o z i n and Bogdanoff, 1981; V i r k l e r e t a l . , 1979; L i n and Yang, 1983; I s h i k a w a e t a l . , 1987; Spencer and Tang, 1988) have been c a r r i e d o u t f o r l o n g -c r a c k problems. Long c r a c k s u s u a l l y show s m a l l e r f l u c t u a t i o n s i n t h e crack-growth r a t e s than s h o r t c r a c k s . The two approaches t a k e n for s h o r t c r a c k s t h u s f a r a r e based e i t h e r on Monte C a r l o s i m u l a t i o n s ( K i t a m u r a and O h t a n i , 1987, 1988) or on t h e r a n d o m i z a t i o n o f e m p i r i c a l crack-growth e q u a t i o n s (Cox and M o r r i s , 1987) . The approach t a k e n h e r e i s based on t h e damage a c c u m u l a t i o n a l o n g g r a i n boundaries and t h e c r i t i c a l damage r e q u i r e d f o r f a i l u r e under creep and creepf a t i g u e condi t i 0 n s . l The f l u c t u a t i o n o f t h e crack-growth r a t e i s f o r m u l a t e d w i t h t h e fundamen a1 r e l i a b i l i t y a n a l y s i s ( T h o f t -C h r i s t e n s e n and Baker, 19821, The h i g h l y random c r a c k i n i t i a t i o n and g r o w t h processes a r e
The assumptions i n c l u d e d i n t h e model a r e t h a t ( 1 ) c r a c k s grow o n l y a l o n g g r a i n boundaries, ( 2 ) c r a c k l e n g t h i s measured as t h e p r o j e c t e d l e n g t h on a p l a n e p e r p e n d i c u l a r t o t h e l o a d i n g a x i s , (3) p r o j e c t e d grain-boundary l e n g t h between a d j a c e n t t r i p l e p o i n t s d i s a random v a r i a b l e w i t h d e n s i t y f u n c t i o n f ( d > , and ( 4 1 , t h e w i c r a c k l e n g t h i n t o c r a c k a r e a . I t i s a l s o assumed t h a t c r a c k i n i t i a t i o n and growth o c c u r i n a d i s c r e t e manner, i n c r e a s i n g i n segments t h a t a r e equal t o t h e d i s t a n c e d between two t r i p l e p o i n t s a f t e r a c e r t a i n t i m e t ( f i g . 1 ) . I t has been observed e x p e r i m e n t a l l y t h a t grain-boundary t r i p l e p o i n t s a c t as c r a c k a r r e s t e r s (Ohtani e t a l . , 1984). Therefore, c r i c k growth i s u s u a l l y h a l t e d a t t r i p l e p o i n t s or grain-boundary k i n k s ( s h a r ? bends) u n t i l enough damage i s accumulated i n t h e a d j a c e n t g r a i n boundary for t h e c r a c k t o e x t e n d a g a i n . I t i s p o s t u l a t e d t h a t c r a c k i n i t i a t i o n and grDwth o c c u r when t h e accum u l a t e d damage 4 e q u a l s a c r i t i c a l v a l u e Oc. The c r i t i c a l damage I$c can be i n t e r p r e t e d as t h e r e s i s t a n c e o f a p a r t i c u l a r g r a i n boundary t o c r a c k i n g , which i s a random v a r i a b l e . The 
The expected v a l u e or mean number of c r a c k i n i t i a t i o n s i n a g i v e n t i m e i t s v a r i a n c e a r e g i v e n r e s p e c t i v e l y by ( 1 2 ) where $i Q,u ) i s t h e damage a c c u m u l a t i o n r a t e a t g r a i n boundary i, and t i s t h e t i m e eqapsed a f t e r t h e c r a c k reaches t h e p a r t i c u l a r g r a i n boundary i . ( 1 6 ) The damage accumulated b e f o r e t h e g r a i n boundary i becomes a d j a c e n t t o t h e c r a c k t i p i s assumed n e g l i g i b l e because i t was shown e x p e r i m e n t a l l y t h a t p r e damage o f s t a i n l e s s s t e e l specimens has l i t t l e e f f e c t on c r a c k g r o w t h under creep and c r e e p -f a t i g u e c o n d i t i o n s (Ohtani and Kitamura, 1986) . MPa. I n t h e second e x p e r i m e n t , c r a c k i n i t i a t i o n and growth were measured under s l o w -f a s t f a t i g u e ( O h t a n i e t a l . , 1986). The t o t a l s t r a i n range was equal t o 1 p e r c e n t and t h e s t r a i n r a t e s i n t e n s i o n and compression were 10-3 p e r c e n t j s and 1 p e r c e n t l s , r e s p e c t i v e l y , a t 923 K i n vacuum. The c o n s t a n t s o b t a i n e d A s a check to the validity of the calibration, the expected value of the number of cracks in'tiated is calculated for a different stress level and then compared with experimental data. Figure 3(b) shows the predicted results under creep conditions at an applied stress level of 147.1 MPa. results are shown to be within one standard deviation and are always lower than the predicted mean value E(n).
The stochastic model predicts the mean-crack initiation lives to be within an average deviation of about 10 percent.
The experimental

Short-Crack Growth
The stochastic model for early crack growth is applied to 304 stainless steel under creep-fatigue condition at 923 K (Ohtani et al., 1986 ). The constants p and b of g($,) are assumed to have the same values as in the previous crack initiation study under creep condition because the variability of the critical damage is only material dependent. The acceleration of the damage accumulation rate h(b>, caused by the presence o f a crack, is taken t o be a simple linear variation of the mean with crack length Q as given by
The standard deviation alnd, is assumed to be independent of Q for simplicity.
The constant Co corresponds to the mean value of 6, for Q = 0, which can be determined easily from crack initiation data as described in the preceding section. The constant C1 is calibrated by using long crack-growth rate data of notched specimens with crack length greater than 1 mm. Note that C1 is calibrated by using long-crack notched specimens that are different from the smooth, short-crack specimens. The calibrated constants Co and C1 are listed in table 11. The distribution of the grain-boundary length f(d) is calculated by assuming a normal distribution with an average grain length of 0.02 mm and a standard deviation of 0.005 mm.
The sensitivity of the damage accumulation prior t o the dominant crack's reaching a particular grain boundary is investigated first with the formulation given in the appendix. The values o f the constants C1 and Co used in this study are listed in table 11. The analysis reveals the probability that the crack-growth rate dQIdt i s i n s e n s i t i v e to the predamage time to for Q > 0.03 mm. When the crack reaches the grain boundary under consideration, the damage accumulation due to stress concentration is accelerated to a much faster rate than the predamage rate. This is due to the large difference between the values of C1 and Co. These calculations are consistent with experimental observations (Ohtani and Kitamura, 1986) indicating that, once a crack appears, the overwhelming damage is localized in the grain boundary immediately adjacent to the crack tip. The predicted cumulative probability distributions of short crack-growth rates for two different crack lengths of 0.03 mm and 0.06 mm are given in figure 4 . The experimental results are shown for purposes of comparison. For the given density distributions o f Oc and 6 , the stochastic model gives the same range of crack-growth rates as the experimental data. The predicted distributions show good correlation with the experimental results for higher crack-growth rates. For lower crack-growth rates, the small disagreement may be due in part to the difficulty of monitoring extremely slow crack-growth rates. on crack lengths is plotted in figure 5 . The mean crack-growth rates with the 10 percent and 90 percent confidence lines are shown for crack lengths ranging
The dependence of the crack-growth rate f r m 0.03 mm t o 0.2 mm. Also shown a r e t h e e x p e r i m e n t a l upper and lower c r a c kg t o w t l I r a t e s cf a p p l o x i m a t e l y 50 i n i t i a l l y m o n i t o r e d c r a c k s . mean v a l u e f a l l s between t h e upper and lower v a l u e s of t h e e x p e r i m e n t a l c r a c kgrowth r a t e s . The p r e d i c t e d 90 p e r c e n t and 10 p e r c e n t c o n f i d e n c e l i n e s follow c l o s e l y t h e e x p e r i m e n t a l upper and lower l i m i t s , r e s p e c t i v e l y . conctraint must be placed on the function s(ti). growtt, occurs on a pdrticular grain boundary unless that boundary is immediately adjacent to the main crack. Therefore, S(ti) for ti 5 0 must be zero. The following two requirements are needed to satisfy the positive constraint on s(ti> for ti = 0:
It is assumed that no crack ( 1 ) The function +oj does not exceed Qc at grain boundary i before the crack reaches that grain boundary. (2) If +oi is greater than +c at grain boundary i , the boundary acts as a potential crack. boundary, i + 1 , when it reaches grain boundary i .
Case ( 1 ) i s consistent with the assumption shown in figure 6(a> for a single crack growth. cence for multiple crack growth ( fig. 6(b) >'. The procedure for adjusting S(tj> to be always positive for case (1) is similar to the adjustment of the density function of strength after proof-testing (Brent-Hall, 1988 ). The adjusted function, shown schematically in figure 7(a>, is given by
The main crack instantaneously jumps to the next Case (2) gives future directions for handling crack coalesf 0 ti 5 0 For case (2>, the negative part of ti is lumped in a delta function at O+ with a magnitude equal to S(ti).
The adjusted density function is then given by
This relation is illustrated in figure 7(b) . The density functions Pg, for cases (1) and (2) , are schematically drawn in figure 8. For both cases, the crack growth accelerates as the historical time to increases. The infinite crack-growth rate, dQ/dt = 03 ( fig. 8 (b>>, corresponds to the coalescence of the main crack with a potential crack. Crack coalescence is an important phenomenon that can shorten creep life drastically. However, the exact solution is beyond the scope of this report because a multiple crack-growth model is required. CONSTANT; PREDAMAGE TIHE, to; to, C to2 < to3.
